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Predicting the visibility of thin lunar-crescents following
the new moon is difficult and challenging for several technical
reasons. The visibility of the earliest new moon has long been
used to determine the lunar-crescent calendar and is still used
today. Many criteria exist for the first visibility of the lunar
crescent. Here, we test the most-commonly-used criteria for
thin-lunar-crescent visibility. We used 545 observations, including
both positive and negative sightings, made by professional and
highly-trained astronomers over a duration of 27 years (1988 —
2015) and from different locations at latitudes between 20°N and
29°N (within Saudi Arabia). We developed a new criterion for
lunar-crescent visibility using lunar-crescent width (W) and the
arc of vision (ARCV). This new model can be used to predict the
visibility of the lunar crescent by naked eye or aided eye, which is
fundamental for the lunar-crescent calendar followed by several
cultures and religions.
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Introduction

Prediction of thin-lunar-crescent visibility following the new moon is
fundamental for the lunar-crescent calendar followed by several cultures and
religions (e.g., Muslim, Hindu, and Hebrew). Determination of the new lunar
Hijri month (Muslim calendar) is based on the visibility of the earliest, thin,
new lunar crescent after sunset. Due to the lack of accurate criteria for thin-
lunar-crescent visibility, people scan the western horizon at sunset hoping to
sight the lunar crescent, which might be impossible. In the absence of positive
lunar-crescent sightings, the beginning of the next lunar month is postponed by
one day. Therefore, the lunar calendar cannot be based on observations because
it is necessary to wait approximately 29 days to determine the start of the next
month. This type of observational calendar is highly affected by atmospheric
conditions and typically involves error due to human factors such as illusion®-2.

The problem of lunar-crescent visibility is very old. The Babylonians
established criteria for the first visibility of the lunar crescent based on
observational data, which states that a thin lunar crescent can be sighted
only if the lunar-crescent altitude above the horizon is greater than 12° after
sunset?. During the 8th to 14th Centuries, several famous Muslim astronomers
developed first-visibility criteria for the thin, new lunar crescent after sunset.
One criterion stated that the crescent can be observed only if the arc of separation of
the Sun and Moon along the celestial equator is larger than 12°. Al-Khwarizmi used
this condition to construct tables for thin-lunar-crescent visibility*. Another
criterion, used by Tabari, states that the new lunar crescent will not be seen if
the Sun depression is less than 9°-5 at moonset>. These two criteria are based
on one variable, but Al-Battani used several variables® because, when using one
condition, the crescent will not be sighted according to one arc but to many
arcs. Al-Battani included the azimuth of the Moon relative to the Sun, the
Earth—-Moon distance, and the width of the lunar crescent as conditions for
thin-lunar-crescent visibility. After being developed by Al-Battani and others,
the Babylonian criteria became common usage and no further development in
lunar-crescent visibility occurred until the second half of the 19th Century?.

New lunar-crescent-visibility criteria were introduced by Fotheringham?,
who collected 76 naked-eye observations of the visibility or non-visibility of
the crescent. Fotheringham calculated the arc of vision (ARCV) at sunset time
and the relative azimuth (DAZ) with respect to the Sun, as shown in Fig. 1.
He found that the formula of the curve fitted the second-degree polynomial
based on non-visible observations’. The ARCV-DAZ curve introduced by
Fotheringham has been used in several similar studies. In 1911, Maunder
added a further 48 observations and showed that the dividing curve should
be based on visible observations and not non-visible observations®. He made
a new lunar-crescent criterion using a second-degree polynomial to fit a new
dividing (ARCV-DAZ) curve®. The Maunder criterion is similar to the so-
called Indian criterion, published in the Indian Astronomical Ephemeris®. In
1977, Bruin published a new approach addressing the earliest-lunar-crescent
visibility®, using new observations on factors such as lunar-crescent width
(W), solar depression, and the necessary contrast for naked-eye observations
of the lunar crescent. The criterion adopted a minimum lunar-crescent width
(W = 0’-5), which represents the limit of lunar-crescent visibility®. In 1981, Ilyas
estimated that Bruin’s visibility threshold was an overestimate, and calculated
the minimum lunar width as W = 0’-25, subsequently determining a new
approach based on dividing (ARCV-DAZ) curve, which shows good agreement
with Maunder’s criterion!©.
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Schematic showing the position of the Moon after sunset with various celestial arcs.
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Fotheringham, Maunder, Bruin, and Indian curves of ARCV = f(DAZ).
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In Fig. 2, the geometry-based criteria mentioned above have been
designed based on the arc of vision (ARCV) and the relative azimuth (DAZ).
A hypothetical line, ARCV = f(DAZ), separates the plane into two regions;
below the curve represents the invisible lunar crescent and above the curve is
the visible lunar crescent. Another important lunar-crescent-visibility condition,
recognized as one of the most reliable criteria, is the Danjon limit!!, which
states that the lunar crescent disappears and is not visible when the arc of
light (ARCL) is less than 7°. In 1998, Yallop!2 improved the Indian criterion
using 295 observations over the period 1859 to 1996, and used the topocentric
instead of geocentric lunar-crescent width (W). In this study, we test all the
criteria for earliest lunar-crescent visibility discussed above by applying them
to observations made by highly trained lunar-crescent observers. We also
examine the individual conditions such as Moon age, Moon time lag, and the
Danjon limit. Then, we propose an improved lunar-crescent criterion based on
the (ARCV-DAZ) visibility curve for predicting thin lunar-crescent visibility
following the new moon that is suitable for the lunar-crescent calendar.

Observation collection

Observations of the earliest lunar crescent were performed every month
from 1988 to 2015. These observations were only made by astronomers at the
National Center for Astronomy, who are capable and highly trained to find the
earliest lunar crescent following the new moon. The earliest lunar sightings were
made after extensive preparation and using a computerized mounted telescope.
The position of the Moon was accurately determined with respect to the
sunset position. The observations were made in several different locations and
all observation reports were written immediately. This data set is fundamental
for this study and consists of 288 positive sightings of earliest lunar crescents
presented in Table I, and 190 negative sightings in Table II, both made in a
clear sky. Fig. 3 shows the percentage of negative and positive sightings and the
corresponding observation methods. Because the visibility of the earliest lunar
crescent is strongly related to the atmospheric conditions, only observations in
clear-sky conditions are considered. For each observation, we calculate the most
common observation parameters used to predict the visibility of the earliest
lunar crescent. These include the arc of vision (ARCV), which is the Moon’s
altitude separation from the Sun, the arc of light (ARCL), which is the ecliptic-
longitude separation between Moon and Sun, or elongation, and the relative
azimuth (DAZ), which is the azimuthal separation of the Moon and Sun. These
arcs are illustrated in Fig. 1.

As well as these arcs, we calculated the Moon’s age or elapsed time between
the new moon conjunction and sunset on the day of observation, the Moon’s
lag time (LAG), or the elapsed time between sunset and moonset on the day of
observation, and the lunar-crescent width, (W), which is the illuminated Moon’s
surface measured along the Moon’s diameter (W = 0" at new moon and 32" at
full moon). Examples of observations and observation parameters for the early
lunar crescent are given in Table III. The ARCV and ARCL distributions for the
288 positive sightings are shown in Figs. 4 and s, respectively. The solid curves
in these figures represent the best Gaussian fits of the distributions. The mean
Gaussian fits for the ARCV and ARCL were 13°:31 and 16°-21, respectively, and
the standard deviations were 3°-50 and 4°-02. Only four false positive sightings
were eliminated from our data collection, which varied from the observations by
three standard deviations!3:14,
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Lat.
o

23'55
19°52
2356
28-40
2840
2645
28-40
2840
2645
28-40
2645
28-40
28-40
2645
21°42
28-40
2840
21°42
24-60
27°52
2635
24-60
26°35
2460
2I°42
27°52
21°42
24-60
2840
28-40
21°42
2I°42
27°52
24-60
27°52
2635
27°52
26°35
27°52
2142
2840
2460
28-40
27°52
2I°42
2635
2840
27°52
28-40
2I°42
2635
24-60
27°52
2635
28-40
2I°42
2454
21°42
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Long.
o

4639
4222
4693

T Alrefay er al.

TABLE 1

Positive observations of earliest lunar crescent

T stands for telescope; and N stands for naked-eye.

Date
ur

1988/03/19
1988/04/17
1988/04/17
1989/03/08
1990/02/26
1990/03/27
1990/03/27
1990/04/26
1990/06/23
1991/04/15

1991/05/15

1992/03/05
1992/06/02
1992/07/01
1993/12/14
1993/01/23
1993/02/22
1993/12/14
1998/10/21

1998/12/20
1999/01/18
1999/03/18
1999/10/10
2000/03/07
2000/09/28
2000/12/26
2001/01/25
2001/01/25
2001/02/24
2001/04/24
2001/04/24
2001/06/22
2001/11/16

2002/01/14
2002/02/13
2002/10/07
2002/11/05
2003/02/02
2003/02/02
2003/02/02
2003/02/02
2003/02/02
2003/08/28
2003/09/27
2003/09/27
2003/09/27
2003/09/27
2003/10/26
2003/12/24
2003/12/24
2003/12/24
2004/01/23
2004/01/23
2004/01/23
2004/01/23
2004/05/20
2004/06/18
2004/06/19

Age
hrs.

37°05
27°49
2728
21°31
3061
20°01
20°00
3562
21:60
2035
3564
26-02
36-01
2094
29-23
2064
2639
29-23
2822
40°20
22-83
2027
2712
3401
19°30
21-08
2599
2546
31°14
2464
2429
2813
31°68
2496
31'37
2745
17-88
2816
28-13

Lag

min.

ARCV

2034
1415
1434
11-90
1636
10°99
II'11
2088
1094
1102
19:98
11°90
1762
1142
1471
09°45
1162
1471
11°46
16°95
10744
10°54
1141
16°12
10°10
07:69
10°31
09-80
12:77
10-81
11°31
14°09
12°39
09°53
12°52
12:26
07°41
11-85
1174
12:86
11'76
12°03
10°52
1379
1530
14°04
13:67
09°39
11°48
13°05
11'76
2037
19-89
2008
19-85
15°35
09-07
12°25

ARCL

2049
14°83
1470
11-97
16°41
11:67
1165
2091
11-84
I1°53
20°11
12°49
1957
15-90
1531
09°53
12°12
1531
12-86
1835
1065
11°30
13°15
17:00
10°77
08-86
11°23
1102
1431
1242
12°21
1521
16-21
I1°51
14°34
16-00
09-90
14°08
14°14
1422
14°29
1401
1236
2004
2030
1994
2023
14°55
16-86
16-81
16-61
2279
2293
22-87
23°10
15°35

9-07
19-56

271

DAZ  Means

0255
04°49
0327
oI'II
0133
03°95
0354
o112
0454
0341
0227
03-82
08-65
0I'I4
0428
01:23
0346
0428
05-87
07°13
02°13
04°11
06-58
0526
0375
04°40
0446
05-05
06°53
06-14
0462
0578
10°53
06°49
07-06
1036
06-58
07°66
0794
06-50
08-19
07:23
06-52
1468
1312
1431
15°07
11°17
1243
10°68
11-81
10°45
1166
I11-18
1206
00-08
0016
04°11

ZHZ2222222232222322222322222222-333322-3122Z23312222Z2-12Z3Z-391Z

08/11/2018 08:22



272

Laz.
o

24-60
2752
28-40
2142
28-40
2454
2142
24-60
2635
2454
2635
2752
2142
2454
2454
28-40
2635
2752
2142
28-40
2752
2454
2635
2752
2752
24-60
2635
24-60
2635
2635
2562
2562
2525
28-40
2454
2454
2635
28-40
2525
28-40
2637
2439
24-60
2635
2525
2637
2562
2752
2142
2439
2460
2635
2525
2439
24-60
2562
2439
24-60
2439
2142
2439

Long.

46745
4170
3673
3983
3673
3963
3983
46745
4395
3963
4395
41°70
3983
3963
3963
3673
4395
41°70
3983
3673
41°70
3963
4395
41°70
41-70
46745
4395
46°45
4395
4395
4562
4562
4525
3673
3963
3963
4395
3673
4525
3673
49-82
3963
46°45
4395
4525
49-82
4562
41°70
39-83
3963
46°45
4395
4525
3963
46°45
4562
3963
46°45
3963
3983
3963
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Date
uTr

2004/06/19
2004/08/17
2004/09/15
2004/09/16
2005/01/11

2005/02/09
2005/08/06
2005/08/06
2005/08/06
2005/09/05
2005/11/03

2005/11/03

2006/01/01
2006/01/01
2006/02/28
2006/07/26
2006/12/21
2006/12/22
2007/08/14
2008/08/02
2008/12/29
2009/01/27
2009/01/27
2009/01/27
2009/04/26
2009/07/23
2009/07/23
2009/08/21
2009/10/19
2009/11/18

2009/11/18

2009/12/17
2009/12/17
2010/04/15
2010/04/15
2010/06/13
2010/06/13
2010/06/13
2010/06/13
2010/08/11

2010/08/11

2010/10/09
2010/10/09
2010/10/09
2010/10/09
2010/10/09
2010/10/09
2010/11/07
2010/11/07
2010/11/07
2010/11/07
2010/11/07
2010/11/07
2010/12/06
2010/12/06
2010/12/06
2011/01/0§

2011/01/05

2011/04/04
2011/05/04
2011/05/04

TABLE 1 (continued)

Age
hrs.

4331
3842
2515
48-92
26-88
1674
21°19
20-83
21°04
44°34
37°33
3745
4859
48-50
14°88
3594
2427
48-38
40°83
29-81
5043
31°14
30-80
30°92
3636
37°14
37'36
2936
32°99
42°85
42-88
26°13
26°17
27°49
2724
2894
28:72
29-28
2859
3713
3621
4427
43°82
4397
4389
4358
4386
3357
3383
3378
3332
33°44
3338
20°51
2005
2007
2928
29-82
24-80
3274
32:82

Lag

min.

ARCV

18:86
14°49
0891
17:63
12°19

8:39
1430
13:69
1346
1376
0965
0934
1709
16°34
07-91
13:33
07-83
1871
13-81
10°02
1900
13°56
1334
1335
19-88
14°62
14°18
08-18
0699
1274
1292
09-09
09°16
13°21
12-85
13:87
13°53
13°50
13°61
10°37
10°74
13-08
12:83
12°23
12:62
12:08
12°47
10°06
1177
1099
1074
10°32
10°59
07:87
07-64
07°52
13°50
1327
10°70
1474
14-80

ARCL

1942
18-38
905
21'03
16°11
09-88
16-36
16:22
1633
1377
18-90
18:98
2033
20°31
08-11
16°44
12-81
2482
19°35
1607
21-89
13:64
13°49
1355
19-93
21°36
21°51
14°67
17°47
2057
20°52
11°50
I1I°51
13°51
1340
1522
15°11
15°44
1503
18-98
19°30
2529
2504
25°15
25-09
2493
25-08
18:09
1815
1816
1792
18-01
17:97
10°20
09-97
0999
1375
1354
11°43
1476
14-80

DAZ

0473
11°43
01°56
11-66
10°61
0522
08-03
0879
09°33
0-40
1633
16°59
I1I°19
12°23
or1-81
0970
10°17
1662
13-69
1263
11-09
OI'53
02°00
02°32
0141
1574
16°34
1222
16°05
16-28
1607
07-07
07-01
02-85
03-84
06-34
0679
0755
06-44
15°99
16°13
21-83
21:69
22°14
21-87
21-98
21°94
1511
13°92
1455
1444
14-84
14°59
0650
06-42
06°59
0267
02:68
0404
0079
0009
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Laz.
o

27°52
2I°42
24°39
24-60
28-40
2562
2637
24°60
2I°42
2439
24°60
28-40
2525
2562
2637
24-60
28-40
2525
25:62
2439
2460
2635
28-40
2525
25:62
2I°42
2460
2525
2562
2439
21°42
24-60
2439
2635
2562
2I°42
24-60
2635
2525
2637
2562
2460
2635
2525
2562
21°42
2439
2460
2635
27°52
28-40
2525
2562
2637
21°42
2439
2460
2635
27°52
2525
2562
2635
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Long.
°

41-70
3983
3963
4645
3673
4562
49-82
4645
3983
3963
4645
3673
4525
4562
49-82
4645
3673
4525
4562

46°45
39'63
4395
4562
3983

4170
3673
45°25
4562
4982
39:83
3963
4645
4395
4170
45°25
4562
4395

Date
uT

2011/05/04
2011/07/02
2011/07/02
2011/07/02
2011/07/02
2011/07/02
2011/08/30
2011/09/28
2011/10/28
2011/10/28
2011/10/28
2011/10/28
2011/10/28
2011/10/28
2011/10/28
2011/11/26
2011/11/26
2011/11/26
2011/11/26
2011/12/25
2011/12/25
2011/12/25
2011/12/25
2011/12/25
2011/12/25
2012/01/24
2012/01/24
2012/01/24
2012/01/24
2012/04/22
2012/07/20
2012/07/20
2012/07/20
2012/07/20
2012/07/20
2012/09/17
2012/09/17
2012/09/17
2012/09/17
2012/09/17
2012/09/17
2012/10/16
2012/10/16
2012/10/16
2012/10/16
2012/11/15
2012/11/15
2012/11/15
2012/11/15
2012/11/15
2012/11/15
2012/11/15
2012/11/15
2012/11/15
2012/12/14
2012/12/14
2012/12/14
2012/12/14
2012/12/14
2012/12/14
2012/12/14
2013/01/12

T. Alrefay er al.

Age
hrs.

3276
3146
31'57
31°12
3191
31°22
3599
2760
48-86
48-82
4836
4894
4843
48-40
4810
3192
3245
31-98
31°95
2057
20°10
2021
2061
20°16
20712
31°43
3090
3096
3093
3247
3568
3533
3578
35°56
3542
3718
3675
3692
3683
3653
36-81
26-40
26°54
26°47
2644
3951
3945
3899
39°11
3922
39°53
3905
39:02
3871
2999
2990
2944
2954
29°65
29°50
2946
18-80

Lag

min.

TABLE 1 (continued)

ARCV

1474
12°10
11'53
11'30
10°76
II°12
09-07
0698
16-90
1590
15°63
14°56
15°44
15°30
14°93
412
13°57
1402
1393
10749
10°24
10°21
10°30
10°24
10°21
15-80
15:64
15:69
15°68
13-90
10°74
0974
09:96
0932
09°49
11°25
10°12
0964
0995
09°49
0983
08-49
08-17
08-38
08-28
1933
18:55
18-28
17-87
1760
17°48
18:14
18-03
17:68
16-65
16°31
16-05
1590
15'82
16-00
15:94
10°93

ARCL

1477
1596
16°05
1582
1628
15-88
0922
16°55
24°63
2464
24°38
2475
2442
2441
24°25
17:56
17°90
17:60
17°59
1073
10°48
10°55
1077
10°52
1050
1597
1570
1573
1572
1390
17-87
1774
17°95
17-87
17-80
1673
16°17
16°10
16°15
15-86
16°10
14-85
1495
14'90
1489
2326
2325
22:98
2307
2315
2334
2303
2301
22-84
17°23
17°19
16°92
16:99
17°07
16:96
16:94
10°98

DAZ  Means

0I-00
10°48
11°24
11°14
1229
1141
0170
15°04
18-19
1907
18:95
2024
19°16
19°25
19'34
1055
11-78
1075
10-84
02°29
0225
02-65
03-18
02°40
0248
0233
01'36
01'I§
0I1-04
0026
1436
1490
15°01
1531
1513
1246
1268
12°95
12°79
12-77
12-82
12°23
1257
1236
1241
1319
1427
14°18
14-84
1529
1571
14°43
14°55
1470
0451
0550
0546
06-06
06-48
0569
05-80
01-07

273

HZZ2222222222222Z2-33-333-33322Z33 2222222233331 2222222222233 232227

08/11/2018 08:22



274

Laz.
o

25:62
2637
2142
2439
28-40
2525
25:62
2637
2142
2142
2439
2635
2752
2525
2562
2637
2142
2439
2472
2525
2439
2142
2439
2472
2635
2752
28-40
2525
2562
2637
2439
2472
2635
2525
2562
2142
2472
2635
2525
2562
2637
2142
2439
2142
2439
28-40
2525
2562
2142
2472
2752
25:62
2637
2635
2142
2472
2635
2752
28-40
2562
2635

Long.

4562
4982
39-83
3963
3673
45°25
4562
4982

3983
4667
4170
4562
4982
4395
39-83
4667
4395
41°70
3673
4562
4395
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Date
uTr

2013/01/12
2013/01/12
2013/02/11
2013/02/11
2013/02/11
2013/02/11
2013/02/11
2013/02/11
2013/04/11
2013/10/06
2013/10/06
2013/10/06
2013/10/06
2013/10/06
2013/10/06
2013/10/06
2013/11/04
2013/11/04
2013/11/04
2013/11/04
2013/12/03
2014/01/02
2014/01/02
2014/01/02
2014/01/02
2014/01/02
2014/01/02
2014/01/02
2014/01/02
2014/01/02
2014/01/31
2014/01/31
2014/01/31
2014/01/31
2014/01/31
2014/03/02
2014/03/02
2014/03/02
2014/03/02
2014/03/02
2014/03/02
2014/03/31
2014/03/31
2014/04/30
2014/04/30
2014/04/30
2014/04/30
2014/04/30
2014/05/29
2014/05/29
2014/05/29
2014/05/29
2014/05/29
2014/07/28
2014/09/25
2014/09/25
2014/09/25
2014/09/25
2014/09/25
2014/09/25
2014/11/23

TABLE 1 (continued)

Age
hrs.

18:71
1841
31'94
31:90
3201
31'51
31°47
31°18
3006
38:52
3848
3892
38:31
3840
3840
38-29
25-88
2583
2535
2535
14°18
27:62
27°50
2703
27:04
2758
2758
2702
2702
2758
17:46
16:99
17°13
17:07
17°03
31°42
3093
3094
3094
3094
31'14
2084
2087
3352
33:60
3388
3324
3323
21'30
20'95
2137
21'05
2079
4135
33-01
32'55
3273
32-88
3321
3262
2567

Lag

min.

ARCV

10-87
10°71
16°72
16-89
17°13
16°72
1673
16-61
13°61
1324
1246
11-82
II°55
1209
11'98
11°67
11°25
10°79
1053
1048
0792
16°34
16°25
1597
15:99
16-01
16°13
16-00
15:97
15:78
10°13
0987
10°04
09°95
09°95
1699
16-86
1699
16:92
16:92
1678
10742
10747
15°91
1571
1545
1546
15°41
0811
0754
07°33
07-46
0724
0994
1001
09°20
08:93
0873
08-66
09-04
1231

ARCL

1094
10°77
17:20
17°17
17°22
16:96
16-95
16°79
13:65
19:63
19°66
19°52
19-61
19°47
19°46
19°32
1374
1374
1347
13°52
o08-10
16°34
1629
1602
16-09
16°16
1633
16:06
16-04
15:87
1056
10°31
1038
10°35
1033
17°23
16-96
17°05
17-01
16°99
16-83
10°46
1048
1637
1642
16-58
1624
16-23
10°37
10°25
10°47
10°30
10°20
1871
14'90
1472
14-83
1491
1508
1477
13°41

DAZ

0I1-25
0I1°13
04°10
0313
o179
02-88
02-76
02°54
0I-02
14-63
1533
15:65
15°95
15'38
1545
15°50
0793
08-56
08-46
08-60
01:62
0022
0I-20
o121
o1-78
02°20
02°56
0I'41
0I1-52
0170
03-01
03:00
02°65
02-88
02-81
02:94
0190
or1-37
o173
01-61
0139
00-89
00-30
03°91
04-83
06-10
05-05
05°16
06-48
0697
07-50
07°13
07:20
1593
I1I'10
I1°55
1189
12°13
12°39
1172
0536
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2018 December

Lat.
o

27-52
21°42
2472
2635
2752
28-40
2525
2562
2637
2142
2472
2635
27-52
28-40
2525
25:62
2637
28-40
21°42
2752
28-40
2142
24°39
2472
2635
2525
2562
2637
24°39
2635
27-52
2637
2142
2637
21°42
2472
2635
2752
28-40
2562
2637
2637

Laz.
o

2356
19°15
2356
28-40
28-40
2645
28-40
21°42
28-40
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Long.

4170
39:83
4667
43°95
4170
3673

Long.

4639
4222
4639
3673
3673
3638
3673
3983
3673

Date
uT

2014/11/23
2014/12/23
2014/12/23
2014/12/23
2014/12/23
2014/12/23
2014/12/23
2014/12/23
2014/12/23
2015/01/21
2015/01/21
2015/01/21
2015/01/21
2015/01/21
2015/01/21
2015/01/21
2015/01/21
2015/02/19
2015/03/21
2015/03/21
2015/03/21
2015/05/19
2015/05/19
2015/05/19
2015/05/19
2015/05/19
2015/05/19
2015/05/19
2015/06/17
2015/06/17
2015/06/17
2015/06°/17
2015/09/14
2015/09/14
2015/11/13
2015/11/13
2015/11/13
2015/11/13
2015/11/13
2015/11/13
2015/11/13
2015/11/13

Date
uTr

1988/03/18
1988/04/16
1988/04/16
1990/02/25
1990/04/25
1991/05/14
1992/06/01
1993/12/13
1993/02/21

T Alrefay et al.

Age Lag
hrs. min.
25-81 62
37°15 98
36-58 99
36:70 101
36-81 101
3711 103
3665 100
3662 100
3631 100
2583 68
2528 69
2541 71
2552 72
2583 73
2536 70
2532 70
25°02 70
15'65 41
2993 74
29-81 77
30'14 79
3567 79
3577 79
35'31 77
3554 78
3542 78
35'41 77
3515 77
26°11 42
25:89 41
26-09 40
25°50 39
3273 44
32:09 40
4487 91
4433 90
4447 91
4459 90
44:90 91
4438 90
4408 90
4408 90
TABLE II

Age
hrs.

13:04
0349
0327
06-60
1161
I11'63
04°13
0522
02-38

Lag

min.

TABLE 1 (concluded)

ARCV

1223
2037
19-83
1973
19:66
19:70
19-82
19-76
19°53
1474
14°50
1459
1465
14-82
14°55
1453
1437
0873
16-70
16°51
16°67
17°11
16:66
16:37
16-18
1633
1625
15:99
0899
08-49
08-32

8:31
09°95
08-83
18:97
18-16
17-89
1770
1762
18-01
17°75
17°75

ARCL

1347
20°63
2033
2040
20747
2064
2037
20°36
20°19
1483
1452
1459
1465
14-83
14°56
14-54
1437
08-82
16-70
16°52
16:69
19'05
19°12
18:89
19-02
18-95
18-94
18-82
1372
13:64
1375
1346
10°19
09°16
2105
20-82
20'90
2096
2I°11
20-85
2071
2071

Negative observations of earliest lunar crescent (all means)

ARCV  ARCL

06-70
oI'0I
0I'14
03-01
06-83
06-64
0595
02'59
00°-87

06-71
03-28
0317
03°45
0777
0699
06-18
02-63
0471

DAZ  Means

0569
0335
04:60
05°31
05-82
0627
0484
0498
05:20
01-61
00°72
00-21
00°16
0048
00°55
00°44
00-28
0130
00°16
00°57
0083
08-51
09°53
0956
10°14
09°75
0987
10°07
10°41
10°72
10-98
1063
0223
02°43
09-31
10°35
1097
11°42
11-83
10-68
10-85
10-85

DAZ

0035
03°12
02:96
01:69
0373
02°20
0171
0045
0463

275

2272222222222 222222-22222222222222272ZZ

08/11/2018 08:22



276

Lat.
o

2142
2840
2142
24-60
26°35
24-60
2142
2840
2142
24-60
2752
2752
2635
26°35
2142
28-40
2460
28-40
2752
2142
2635
28-40
2752
2142
2142
2840
2142
24-60
26°35
2635
2752
2142
2454
28-40
2142
28-40
2454
26°35
2752
2752
2460
2635
2635
2562
28-40
2454
2454
2635
28-40
2525
28-40
2637
2439
24-60
2635
2525
26-37
2562
2752
2142
2439

4170
3983
39°63
3673
3983
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Earliest Visibility of the Lunar Crescent

Date
uT

1993/12/13

1993/02/21

1993/12/13

1998/10/20
1999/10/09
2000/03/06
2000/09/27
2001/02/23
2001/06/21
2001/10/16
2001/11/15

2002/02/12
2002/10/06
2003/02/01
2003/02/01
2003/02/01
2003/02/01
2003/08/27
2003/09/26
2003/09/26
2003/09/26
2003/09/26
2003/10/25
2003/12/23
2004/05/19
2004/09/14
2005/08/05
2005/08/05
2005/08/05
2005/11/02
2005/11/02
2005/12/31

2005/12/31

2006/07/25
2007/08/13
2008/08/01
2009/01/26
2009/01/26
2009/01/26
2009/04/25
2009/07/22
2009/07/22
2009/11/17

2009/11/17

2010/04/14
2010/04/14
2010/06/12
2010/06/12
2010/06/12
2010/06/12
2010/08/10
2010/08/10
2010/10/08
2010/10/08
2010/10/08
2010/10/08
2010/10/08
2010/10/08
2010/11/06
2010/11/06
2010/11/06

TABLE II (continued)

Age
hrs.

0522
02-38
0522
0423
03°14
2079
19'32
07°'13
04°13
19-06
07:69
07-36
0347
12°20
1259
12:62
12'07
22°57
11°95
1208
11-80
12-28
0176
05-02
11'03
o117
21°20
20-84
21'0§
2334
2347
I11'63
11'54
11°95
1684
20742
07'12
0679
06-90
12°35
13'I§
13:37
19'00
1891
0349
0324
0493
0471
0527
0458
13°1§
1223
20°29
19:83
19°99
19°91
19-60
19-88
0958
0984
0979

Lag

min.

12
o4
12
16
16
18
o3
o9
o5
02
19
o8
16
oo

ARCV  ARCL

0259
0087
02'59
03-60
03:66
0392
0071
o1-88
o115
0064
03:97
o1-8o
0365
0022
00-86
0024
0032
0251
06-08
0643
06-10
06°14
0104
0051
0448
02°'15
0633
06-18
06-21
oI1:72
01:62
03-88
0342
05-89
0594
01°91
0239
0222
0226
06-67
0478
0468
0361
03°70
0149
0I'04
0228
02°19
02°45
02'12
OI'74
01-69
03:69
0347
03°17
0337
03-02
0328
0029
oI'II
0074

02-63
0471
02-63
0395
0413
0562
01-86
04-88
0171
05°33
0408
0522
03-83
0500
04-98
0509
0496
04°53
06-83
06-86
0675
0701
0109
04°49
04-60
02-68
06-35
06-22
06°30
0693
0701
07-86
07-86
06-00
07:69
02-86
02-46
0231
0237
0770
0723
07-38
0973
0968
0491
0495
0231
02-21
02-46
02°16
08-36
07-85
12°40
12°17
1227
12°21
12:07
12°21
06°32
06-33
06°35

DAZ

0045
0463
0045
01-62
0190
0403
0172
04°50
01:26
05°29
0093
04'90
01'I3
05°00
0491
0509
0495
0377
03°12
0242
0291
03-38
0030
04°46
01'07
o1-60
0045
0075
01'05§
06-72
06-82
06-83
07-08
0116
04-89
02°12
0056
00°65
0072
03-85
0543
0571
09'04
08:96
0468
0484
0039
0034
0005
0044
08-18
07-66
11'84
11°67
11-86
1175
11-69
11-76
06°31
06-23
06-31
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2018 December

Lat.

2460
2635
2525
2439
24-60
2I°42
2439
27°52
2I°42
2439
24-60
28-40
2562
21°42
2439
24-60
28-40
2525
2562
2637
21°42
2439
24-60
28-40
2525
2562
2I°42
2460
2525
2562
21°42
2439
21°42
24-60
24°39
2635
2562
21°42
24°60
2635
2525
2637
2562
24-60
2635
2752
28-40
2525
2562
2637
2I°42
2439
24-60
2635
27°52
2525
2562
2I°42
2439
28-40
2525
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Long.

46°45
4395
4525
3963
46745
39-83
3963
41-70
39-83
3963
46745
3673
4562
39-83
3963
46°45
3673
4525
4562
49-82
39-83
3963
46745
3673
4525
4562
39-83
46°45
4525
4562
3983
39°63
39-83
46°45
39°63
4395
4562
3983
46°45
4395
4525
49-82
4562
46745
4395
41°70
3673
4525
4562
49-82
39-83
3963
46745
4395
41°70
4525
4562
3983
3963
3673
4525

Date
ur

2010/11/06
2010/11/06
2010/11/06
2011/01/04
2011/01/04
2011/05/03
2011/05/03
2011/05/03
2011/07/01
2011/07/01
2011/07/01
2011/07/01
2011/07/01
2011/10/27
2011/10/27
2011/10/27
2011/10/27
2011/10/27
2011/10/27
2011/10/27
20I1/11/25
20I1/11/25
20I1/11/25
20I1/11/25
20I1/11/25
20I1/11/25
2012/01/23
2012/01/23
2012/01/23
2012/01/23
2012/04/21
2012/04/21
2012/07/19
2012/07/19
2012/07/19
2012/07/19
2012/07/19
2012/09/16
2012/09/16
2012/09/16
2012/09/16
2012/09/16
2012/09/16
2012/11/14
2012/11/14
2012/11/14
2012/11/14
2012/11/14
2012/11/14
2012/11/14
2012/12/13
2012/12/13
2012/12/13
2012/12/13
2012/12/13
2012/12/13
2012/12/13
2013/02/10
2013/02/10
2013/02/10
2013/02/10

T Alrefay et al.

Age
hrs.

09°33
09°45
09°39
12°27
11-80
18:74
18-82
18:75
21°45
21'57
21°12
2191
21°22
18-87
18-83
18:37
18-95
18:44
1841
1812
08-46
08-39
07'92
0845
07:98
07-95
0742
06-89
0695
0691
08-40
08-46
1168
11°34
1179
11'56
11°43
13°20
12°77
1294
1285
1255

12-83
15:99
16°11

16-23
16°54
16-06
16-02
1572
0598
05-89
0543
05'54
0565
0549
0545
0793
07-89
08-00
0749

Lag

min.

02

TABLE 1I (continued)

ARCV

00°52
00°37
00°47
0223
02'01
0358
0375
03-86
0163
0148
o1-28
OI'34
o125
0579
0526
05-02
0460
0494
0486
0460
02-89
0266
0242
0243
0241
0237
0362
03°54
0361
0362
03°04
03'19
01-38
00-83
0102
00-68
00°73
OI'34
00°72
00°53
00-66
00°39
0060
06-70
06°57
06°49
0653
06-66
06-61
06-38
0348
0347
0322
0330
0336
0326
0324
0378
0400
0438
03-86

ARCL

06-18
06-25
06-21
0224
0203
04°50
0450
0446
0371
03-81
03-61
0402
0367
11:00
II'01
10-76
I1°13
10°81
10-80
10-65
04°31
0430
0406
04°39
04°10
0408
05-02
04-81
0483
0481
03°89
03-88
07-03
0695
07'12
0706
07:00
02-85
0233
02-26
02-31
02-06
0227
08-81
08-90
08:98
09°17
08-85
08-84
08-67
0356
0350
03-28
0333
03-38
0330
0328
06:09
06-04
06-03
0591

DAZ

06°16
06-24
06-20
00-23
00-28
0274
02°49
02-23
0334
0351
03-38
03-80
03°45
09°37
09°69
0953
1015
0963
0965
0961
0320
03-38
0326
0366
0332
0333
0349
0326
03°20
0317
0243
0221
0690
06-90
07-04
07-03
06-96
0252
0221
02°19
0221
02-02
02°19
0573
06-02
06-22
06745
0584
05-88
05-88
00°73
00°51
00-61
00°44
00-32
00°54
00°52
0478
04°53
04°15
0448
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Lat.
o

2562
26-37
2142
2562
2142
2439
2635
27-52
2525
2562
2637
2142
2142
2439
2472
2635
27-52
28-40
2525
25:62
2637
2142
2472
2635
2525
25:62
2637
2142
2439
28-40
2525
25:62
2635
21742
2472
2635
2752
28-40
2562
2635
27-52
2142
2472
2635
2752
28-40
2525
2562
2637
2142
2752
28-40
2142
2439
2472
2635
2525
2562
2637
2142
2637

Long.
°

4562
4982
3983

41°70
4525
4562
49-82
3983
3983
3963
46:67
4395
41°70
3673
4525
4562
4982
3983
46:67
4395
4525

3963
3673
4525
4562
4395
3983
4667
4395
4170
3673
4562
4395
41°70
39-83
4667
4395
4170
3673
4525
4562
49-82
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Earliest Visibiliry of the Lunar Crescent

Date
ur

2013/02/10
2013/02/10
2013/04/10
2013/04/10
2013/10/05
2013/10/05
2013/10/05
2013/10/05§
2013/10/05
2013/10/05
2013/10/05§
2013/11/03
2014/01/01
2014/01/01
2014/01/01
2014/01/01
2014/01/01
2014/01/01
2014/01/01
2014/01/01
2014/01/01
2014/03/01
2014/03/01
2014/03/01
2014/03/01
2014/03/01
2014/03/01
2014/04/29
2014/04/29
2014/04/29
2014/04/29
2014/04/29
2014/07/27
2014/09/24
2014/09/24
2014/09/24
2014/09/24
2014/09/24
2014/09/24
2014/11/22
2014/11/22
2015/01/20
2015/01/20
2015/01/20
2015/01/20
2015/01/20
2015/01/20
2015/01/20
2015/01/20
2015/03/20
2015/03/20
2015/03/20
2015/05/18
2015/05/18
2015/05/18
2015/05/18
2015/05/18
2015/05/18
2015/05/18
2015/09/13
2015/09/13

TABLE 1I (concluded)

Age
hrs.

07°46
07'17
06-05
0572
0225
0224
0194
02-08
01-86
0184
oI'55
14°35
17°19
17°11
16-63
16°75
1686
1716
1670
16-66
16-36
2067
20-18
20°35
2027
2024
19:96
0952
0959
0987
0924
0922
17°21
0903
08-57
0875
08:90
0923
08-64
0167
01-78
or1-81
0126
0I'40
0I'SI
01-82
OI'34
0I'31
0I'00
0592
05-80
06°13
11°67
11'76
11'30
11°53
1141
11'40
11°14
0875
08-11

Lag

min.

17
17
09
09
15
4
12
12
12
12
12

ARCV

03-87
0377
02'09
0207
0343
03°09
0274
02:66
02-84
02-78
0259
0023
02-64
02-80
02-56
0274
02-87
03°10
02°63
02:64
0252
0338
0330
0349
0338
03°39
0327
0393
03-86
03-84
0366
0363
or1-81
0128
00°90
0084
0082
00-86
00-86
02-08
02°17
0I'04
0101
o1-22
01-38
0161
oI'I10
OI'II
0100
02-63
0262
02-81
0468
0443
04°16
04°10
0416
0411
03-90
oI'55
01'06

ARCL

05°90
05-80
0295
02-80
07-28
0732
07°:20
07-28
0715
07'14
07'01
0041
04°58
04°53
0444
04°44
04-44
0449
04°44
04°43
04°38
04°96
0474
04°78
0477
0476
04°65
04°31
04°36
04°53
0419
04°19
08-91
04°05
0391
0401
0408
0422
0395
0298
02:97
04-61
04°57
04°54
0452
04°51
04-56
04°55
04°55
0273
02-65
02-83
07:04
07°12
06:92
0704
06-98
06:98
06-87
0356
0336

DAZ

04°45
0441
02-08
0o1-88
0643
06-64
0666
06-78
06-56
0657
06-52
0034
0374
0356
03-63
03°49
03°39
0325
0358
0356
0358
0363
0341
03-28
0337
0334
03°31
0176
02'03
0241
02-06
02'09
0872
03-84
03-81
0392
0400
04°14
03-86
0213
02'03
04°50
04°46
04°37
04°31
0421
04°43
0442
04°44
0074
0038
0029
0527
0558
0554
0573
0561
0564
05-66
03°20
03°19
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2018 December

T Alrefay et al.

20%

FIG. 3

MAided-eye
DUnaided—eye
Cinvisible

43%

279

Percentage of observations where the crescent was invisible (43%), and positive sightings made by
optical means (telescope or binoculars, 37%), and by the naked-eye (20%).

No.

026
085
096
099
100
102
104
122
127
137

154

161

167
170
177
442
195
455
204
205§
207
217
228
239
488
247
255
257
264
531

Lat.

o

2752
2752
2635
25:62
2562
2839
24'54
2562
2439
24-60
28-40
2142
2562
26°35
2562
2752
2562
2439
25:62
21°42
2439
2439
2472
2439
21°42
2752
28-40
26°35
2839
2472

TABLE III

Examples of observations and observational parameters

Long.

o

4170
4170
4395
4562
4562
3673

3673
39-82
45762
4395
4562
41-70
4562
3963
45762
39-82
3963
39°63
4666
3963
39-83
41-70
3672
4395
3672
4666
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Date
uTr

2000/12/26
2009/01/27
2009/10/19
2009/11/18
2009/12/17
2010/04/15
2010/06/13
2010/12/06
2011/04/04
2011/09/28
2011/12/25
2012/04/22
2012/07/20
2012/09/17
2012/10/16
2012/11/14
2013/01/12
2013/02/10
2013/04/11
2013/05/10
2013/10/06
2013/12/03
2014/01/31
2014/03/31
2014/04/29
2014/05/29
2014/09/25
2014/11/23
2015/02/19
2015/05/18

Age Lag ARCV ARCL DAZ

hrs.

2108
3092
3300
4290
26°13
2749
2894
2093
25-00
27-60
20°61
32:00
3542
36:92
26-42
16:23
1871
07-88
2972
15°37
38-50
14°18
16-98
2087
09°51
21°37
33-20
2566
15°65
11°30

nan.

o

0770
13°35
0699
1292
09-08
13°20
13-87
07-87
10°70
06-98
10°30
13-83
09°50
0964
08:28
06°49
10-87
04°00
13°23
0607
1246
07'92
0986
10°47
0393
0733
08:65
1230
0872
04°15

o

0886
1355
1747
2051
11'50
13'51
1522
1095
1142
1655
10°78
13:87
17-80
2034
14-88
08-98
10°93
06-04
13°56
0634
19-65
o8-10
10°31
10°40
0430
10°47
1507
1341
0882
06-92

VI refers to visible or invisible; T stands for telescope; and N stands for naked eye.

o

04°40
02°32
16°05
1607
07-07
02-85
06°34
06°49
04°04
1504
03-18
o1-06
15°13
18-00
1214
06-22
oI1-25
04°53
00-05
0185
1533
01-62
0299
00-30
0176
0749
12°39
0536
0130
05°54

019
044
077
101

0-32
044
056
0-25
0-31

0:66
0°53

047
076
099
053

019
029
0-08
045
010
093
016
0-25
027
0-05
027
055
0°43
019
012

V(N)
V(N)
1(-)

08/11/2018 08:22



280 Earliest Visibiliry of the Lunar Crescent Vol. 138

0.14

0.12

5 10 15 20 25
ARCV[Degree]

FIG. 4
Arc of vision (ARCYV) distribution. The solid curve represents the best Gaussian fit of the distribution.
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FIG. 5

Arc of light (ARCL) distribution. The solid curve represents the best Gaussian fit of the distribution.
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Observation analysis

The data described in previous section and presented in Table I can be used
to investigate the various prediction criteria for the first visibility of the lunar
crescent following the new moon. We investigate the Moon’s age and the lag
time (LAGQG) as individual criteria. We examine the relationship between the
Moon’s age and lag time (LAG) with the two arcs (ARCV and ARCL). We
study the relationships between the three arcs ARCV, ARCL, and DAZ and use
these arcs to determine the best lunar-visibility criteria based on the collected
data.

The Moon’s age

The Moon’s age is a simple parameter that has been used to predict lunar-
crescent visibility. The youngest lunar crescent reported in our data set is 14°18
hrs, observed by telescope. The world record for the youngest visible lunar
crescent by optical aid was 12-12 hrs on 1996 January 20!5. The minimum
Moon age in our data set, from observation 217 in Table III, has an ARCV value
of 7°:92, and an ARCL value of 8°-10, which is the minimum ARCL in our data
set. Observation 442 in Table III had a Moon age of 16-23 hrs, older than the
minimum moon age of observation 217. The ARCV was 6°-49 and the ARCL
was 8°-98, which is larger than observation 217; however, observation 442 was a
negative sighting. A scatterplot of the age of the youngest visible lunar crescent
versus ARCV and ARCL indicates a weak relationship between geometry arcs
and the lunar-crescent age as shown in Figs. 6 and 7, respectively. These figures
show a significant dispersion around the best linear fit and indicate that the
minimum Moon age is a simple parameter but insufficient criterion for lunar
visibility. The Moon takes a longer time to be visible after the new moon
conjunction when it is closer to the ecliptic®.

Moon lag (LAG)

The second most-simple and oldest lunar-visibility criterion is the Moon lag
time (LAG). The minimum interval of time between the sunset and moonset
(LAG) was 32 minutes (observation 137 in Table III), made by telescope, and
the shortest interval ever recorded for a visible lunar crescent by optical aid
was 21 min.!>. As for Moon age, observation 442 had a longer Moon lag time
(33 min.) but again, was a negative sighting. A scatterplot of LAG versus ARCV
in Fig. 8 shows that a large number of observations have a linear relationship.
There is some dispersion around the best-fit line, which indicates that a lunar
crescent with a particular lag time may or may not be visible depending on the
ARCV value.

We note that, the longer the LAG, the higher the altitude (ARCV) of the
lunar crescent and the darker the sky. A scatterplot of LAG versus ARCL in
Fig. 9 shows a significant dispersion around the best linear fit, which indicates
a weak relationship between ARCL and LAG. Fig. 8 shows that LAG is a
relatively applicable parameter.

The Danjon limit (ARCL)

The third direct criterion is the critical angular separation or elongation
between the Moon and Sun at sunset or the arc of light (ARCL). This is very well
known as the Danjon limit. According to the Danjon limit, the lunar crescent
cannot be seen with the naked-eye if the angular separation between the Moon
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Arc of light (ARCL) versus lunar-crescent age. The solid line represents the best linear fit.
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Arc of vision (ARCV) versus (LAG). The solid line represents the best linear fit.
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Arc of vision (ARCL) versus (LAG). The solid line represents the best linear fit.

December 2018 Page NEW.indd 283 08/11/2018 08:22



284 Earliest Visibility of the Lunar Crescent Vol. 138

and Sun (ARCL) is less than 7°. Equation (1) relates the two independent arcs
ARCYV and DAZ with the arc of light (ARCL):

cos(ARCL) = cos(ARCV)cos(DAZ). (1)

where all the arcs are measured in degrees. The Doggett & Schaefer! lunar-
crescent-sighting campaign reinforced the Danjon limit. In our data set, the
minimum recorded ARCL value by naked-eye was 8°-82 in observation 268
(Table III), which is larger than the Danjon limit. Even by aided-eye, the
minimum recorded ARCL was 8°:10 in observation 217, which is larger than
the Danjon limit. Ilyas?!® determined the lower limit of ARCL observed by
naked-eye as 10°-5. Our data set contains 27 observations with ARCL < 10°-5,
indicating that Ilyas’s criterion is certainly overestimated (perhaps due to
data collected with non-computerized mounted telescopes). In 2004, Odeh!>
claimed that he found one observation where the lunar crescent was seen for
ARCL = 6°-40. Observations that exceed the Danjon limit are rare and care
should be taken to investigate their validity.

The visibility curve (DAZ-ARCYV)

The dividing (DAZ-ARCYV) curve or lunar-visibility curve is used to separate
regions of positive and negative lunar-crescent sightings based on the two arcs
DAZ and ARCYV, illustrated in Fig. 2. In 1910, Fotheringham used a collection
of 76 lunar-crescent sightings, most observed in 1883 in Athens and Troy’,
to calculate the arc of vision (ARCV) and relative azimuth (DAZ). He found
that the crescent was visible only when ARCV was above a critical value that
depends on DAZ. The formula for lunar-crescent visibility is given by

ARCV = 12 - 0-:008(DAZ?2), (2)

where ARCV is the minimum Moon altitude at sunset in degrees and DAZ is
the difference in azimuth in degrees’. Equation (2) is shown in Fig. 2, where the
solid curve is the dividing line between visible (above the curve) and invisible
(below the curve) lunar crescents. In 1911, Maunder added 47 observations to
the collection and only used positive sightings and the quadratic equation to
represent the data8. The Maunder criterion for lunar-crescent visibility is given
by

ARCV > 11 - 0-05(DAZ) — 0-01(DAZ?2), (3)

where ARCV and DAZ are in degrees. The dot-dash curve in Fig. 2 reveals that
the Maunder dividing curve is lower than that of Fotheringham®. The Maunder
criterion (equation (3)) is slightly modified in the Indian Astronomical Ephemeris.
The Indian formula is based on the Maunder criterion, which fits DAZ to
ARCYV and produces the following equation:

ARCYV > 103743 — 0-0137(DAZ) — 0-0097(DAZ?), 4)

where ARCV and DAZ are in degrees®!2. This formula is used in the Indian
Astronomical Ephemeris® and shown in Fig. 2 as the dashed curve, which
indicates that the Indian criterion is slightly different to the Maunder criterion.

Our data set was used to design a crescent-visibility curve that separates visible
and non-visible lunar-crescent regions characterized by the two arcs ARCV and
DAZ. This method follows that of Fotheringham?. The data set is divided into
two parts: one for observations by naked-eye; and one for observations by aided
eye. For unaided observations, a scatterplot is produced in the ARCV-DAZ
plane (Fig. 10), where lunar-crescent observations are divided into two clear
regions. The crosses in Fig. 10 represent all invisible observations and the solid

December 2018 Page NEW.indd 284 08/11/2018 08:22



2018 December T. Alrefay er al.
30
* Visible
X Invisible
25 .
Ty
E‘ 20 % egee .
E) » Ve ‘0..
& oo
S [T T ~ )
— 15 ol .
> . ® .
S . Y .
ﬁ " . . . . . . e
10} .o . . : .
________ X.‘-..--—-_______

Hypothetical curve dividing unaided-eye lunar-crescent observations into two regions: visible (above

1‘0 IIS 2‘0 25
DAZ [degrees]

FIG. 10

the curve) and invisible (below the curve).

30
* Visible
X Invisible
25
T2 e, e
8 . . * .
b . .
%‘) h ®e o . e .
PREE Y .
515... . we e ®
* een ‘% o, e
s A See 4
< 10;.:’.0 . vt Yo g .{!-.
.. .~ \
s
10 15 20 25

Hypothetical curve dividing aided-eye lunar-crescent observations into two regions: visible (above

the curve) and invisible

December 2018 Page NEW.indd 285

DAZ [degrees]

FIG. 11

(below the curve).

285

08/11/2018 08:22



286 Earliest Visibility of the Lunar Crescent Vol. 138

points represent all visible observations by naked-eye. A visual inspection of
that figure led to the insertion of a hypothetical line separating the data into two
regions of points representing visible and invisible lunar-crescent observations.
The best hypothetical curve is given by the formula

ARCV = 87— 0-:0594(DAZ) — 0-00121(DAZ?), ©)

where ARCV and DAZ are in degrees. Similarly, we perform the same
procedure for aided-eye observations (Fig. 11). The hypothetical curve in that
figure is given by the formula

ARCV = 7:40 — 0:0624(DAZ) — 0-0013(DAZ?). (6)

Equations (5) and (6) are based only on visual inspection using the best
hypothetical curve. The ARCV-DAZ dividing curve reveals that the critical
arc of vision (ARCV) of the thin crescent after sunset can be small when the
azimuthal distance (DAZ) between the Moon and Sun is large. Thus, for the
lunar crescent to be visible, the western sky should be sufficiently dark. Positive
(negative) lunar-crescent sightings above (below) the (ARCV-DAZ) dividing
curve depend mainly on the contrast between sky-brightness and thin-lunar-
crescent illumination. A small contrast can be the difference between visible and
non-visible sightings. The contrast increases to the width of the lunar-crescent
(W), which is related to the arc of light (ARCL), and therefore to the arc of
vision (ARCYV) and the azimuthal distance (DAZ) (see equation (1)), according
to the following formula

W = SD(1 — cos(ARCL)), )

where SD is the semi-diameter of the Moon, which is related to the Moon’s
parallax © by SD = 0-272557. In this study, we adopted an SD value of 16”. For
the western sky, the contrast is determined by ARCV and W. The minimum
contrast resulting in a visible lunar crescent depends on the direct relationship
between ARCV and W. Using equation (5) for the best hypothetical curve for
naked-eye observations, for any given DAZ, the ARCV can be obtained. The
critical contrast between visible and not visible is deduced in Table IV using
equations (5), (1), and (7). In Fig. 12, a third-degree polynomial is fitted to the
data in Table IV. The resulting critical ARCV required for the critical contrast
for naked-eye lunar-crescent sightings is shown by equation (8):

ARCV > 934 — 451 W+ 3-3W2 - 101 W3. )
TABLE IV
ARCYV andW for certain values of DAZ by using Equation (5)
DAZ (°) o 5 10 15 20 25
ARCV (°) 870 8:37 7-89 7'53 7-02 645
w 018 0-23 0°39 067 1-07 159

The same procedure is performed for aided lunar-crescent sightings, using the
hypothetical line equation for aided lunar-crescent observations (equation (6)).
ARCYV is calculated for certain values of DAZ shown in Table V. The critical W
for visibility is deduced in that table using equations (6), (1), and (7). In Fig. 13,
a third-degree polynomial is fitted to the data given in Table V. The resulting
critical ARCV required for the critical contrast for aided-eye lunar-crescent
sightings is shown by equation (9):

ARCV > 7:83 — 4-35W+ 3-22W2 - 1:02W3. (9)
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FIG. 12
Third-degree polynomial fitted to the data given in Table IV.
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FIG. 13
Third-degree polynomial fitted to the data given in Table V.
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TABLE V
ARCYV andW for certain values of DAZ by using Equation (6)
DAZ (°) o 5 10 15 20 25
ARCYV (°) 740 7-0§ 6-64 6-16 5:62 501
w () 0°13 018 0°34 063 103 1'55

The new critical ARCYV values in equations (8) and (9) were determined using
the visibility curve (DAZ-ARCYV). After a visual inspection of the naked-eye and
aided-eye scatterplots (Figs. 10 & 11), a hypothetical line ARCV = f(DAZ) was
inserted, separating regions of positive and negative sightings of the youngest
lunar crescent. Equations for these hypothetical lines were used to deduce
the numerical values for ARCV and W (Tables (IV & V)). These values were
then fitted using a third-degree polynomial in the lunar-crescent width (W)
equations (8, 9).

Discussion

We used a large set of observations of the youngest lunar crescent to investigate
several criteria for visibility of the first thin lunar crescent following a new-moon
conjunction. We first analyzed Moon age as an individual criterion that has been
used since the Babylonians3. The youngest lunar crescent observed by telescope
in our data set was 14-18 hrs. Our minimum Moon age is older than found by
Schaefer ez al.l7 during their 1987-1990 campaign (13-47 hrs), and older than
the world record (12-12 hrs)15. It is clear, therefore, that the youngest Moon age
after the lunar—solar conjunction is not sufficient for determining thin-lunar-
crescent visibility (Figs. 6 & 7). When the Moon is near the ecliptic, it takes
longer to increase its brightness and become visible. The second criterion we
investigated was Moon lag time (LAG). We found that the Moon lag time is not
related to the arc of light (ARCL) (Fig. 9) and that observations with a larger
LAG include negative sightings, such as observation 442 in Table III. Fig. 9
shows that LAG does not contribute to greater contrast.

The third criterion we investigated was the Danjon limit, which states!!
that the arc of light (ARCL) required for the lunar crescent to be visible must
be greater than 7°. However, a re-examination of Danjon’s data by Ilyas!®
showed that, if one point below 10° were removed from Danjon’s data, the
limit increases to 10°-5. McNally!8 explained that the Danjon limit was due
to atmospheric effects or turbulence, and found that the angular size of the
lunar crescent vanishes for arc of light (ARCL) values of = 5°. This explanation
was rejected by Schaefer!®, who proposed that the lunar cusps are not visible
because the brightness per unit length is below the eye’s detection threshold,
and who concluded that the Danjon limit is quite solid. Fatoohi ez al.2° reported
an increase in the Danjon limit to 7°-5, and the 7° suggested by Danjon!! and
accepted by Scheafer!® appears to overestimate the 10°-5 limit of Ilyas!0.

We found that lunar crescents within the Danjon limit at ARCL < 7° were not
detected by naked-eye or aided-eye observations. In our data set, the minimum
ARCL observed by naked-eye was 8°-82 and that observed by aided-eye was
8°-10. Our results agree with those of Fatoohi er al.20. After investigating the
main parameters commonly used as criteria for early lunar-crescent visibility,
we followed the procedure used by Fotheringham” and others to determine the
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critical visibility curve (Figs. 10 & 11). We found new criteria for early new-
moon visibility by naked-eye and aided-eye observations (equations (8, 9)). This
method using the DAZ-ARCYV curve was also used by Yallop!2, who used the
Indian formula given in the Indian Astronomical Ephemeris®, whereby numerical
values for the arc of vision and the lunar-crescent width (ARCV, W) are fitted
using a third-degree polynomial. Then Yallop developed his two-parameter
criterion into a single-parameter criterion for visibility of the lunar crescent, in
which the g-values are defined as

g = (ARCV — (11871 — 63226 W+ 0-7319W?2 — 0-1018 W3))/10. (10)

The division by 10 in equation (10) confines!? the values of ¢ between —1 and
1. When g-values are —0-232 = ¢ > —0°293, the lunar crescent is not visible with
a telescopel?.

We investigated Yallop’s criterion by applying it to our data collection. Yallop’s
criterion (equation (10)) is easy to convert to arc of vision (ARCV) in terms
of the azimuthal distance (DAZ). We then used our aided-eye lunar-crescent
observations to produce a scatterplot in the ARCV-DAZ as shown in Fig. 14,
where the solid curve represents the Yallop criterion and the invisible region is
below the solid curve. Clearly, Yallop’s criterion lies above some observations
from our data collection, and uses semi-topocentric values for the lunar-
crescent width (W )12, We investigated his criterion using our data of both semi-
topocentric (W) and geocentric lunar-crescent width (W) as shown in Fig. 15.
There is little difference between the two values of the lunar-crescent width.
The dashed line in Fig. 15 is the g-value (¢ = —0-232) inYallop’s criterion, which
is not visible by telescope. We found some of our observations by aided-eye lie
below that line, in the invisible region, based on Yallop’s criterion (Table VI).
From Figs. 14 & 15, Yallop’s criterion is not consistent with our data for lunar-
crescent observations, and does not consider how the semi-topocentric W
improved the fit to the observations!2. In 2004 Odeh continued the work of
Yallop and found a new criterion based on ARCV-DAZ curve and used 737
observations!3. Odeh fitted numerical values using a third-degree polynomial,
which provides the following criterion:

V = ARCV — (71651 — 6:3226 W+ 0-7319 W2 — 0- 1018 W3). (11)

When we compare Odeh’s model (equation (11)) with that of Yallop
(equation (10)), Odeh’s numerical values of the coefficient are similar up to the
fifth digit to the Yallop’s model, but Yallop’s division by 10 confines the values of
q between —1 and 1. We investigated Odeh’s criterion based on the ARCV-DAZ
visibility curve, and found that the dashed curve in Fig. 14 is below some
observations classified as invisible in our data set. According to the ARCV-DAZ
plane (Fig. 14), Odeh’s is the same as Yallop’s but shifted down. This similarity
is questionable because both used different data sets of early lunar-crescent
observations. Odeh’s used topocentric values for the lunar-crescent width
(W) and arc of vision (ARCV), but did not discuss how the topocentric variables
improve the criterion. Moreover, we found that the third-degree polynomial fit
for lunar-crescent width (W) with the arc of vision (ARCV) given in Table V,
page 43, of ref. 20 is not consistent with his model (equation (11)).

Therefore, we propose that the criterion presented in this study for early
crescent visibility is the latest criterion based on accurate observations taken
by highly trained astronomers. Our two models (equations (8 and 9)) are
thoroughly described and suitable for determining the lunar-crescent calendar
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FIG. 14
Yallop and Odeh models in the ARCV-DAZ plane with our eye-aided observation data.
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Application of the Yallop criterion to the geocentric and semi-topocentric lunar-crescent width.
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Observations not in agreement with Yallop’s criterion

No. Lat. Long.
026 2752 41°70
038 27°52 41-70
064 2752 41°70
075 2454 3963
115 2439 3963
116 2460 46°45
117 2562 4562
217 2439 3963
246 2472 4667
247 2752 41°70
248 2562 4562
249 2637 49-82

T. Alrefay er al.

Date
ur

2000/12/26
2002/11/05§
2005/02/09
2006/02/28
2010/12/06
2010/12/06
2010/12/06
2013/12/03
2014/05/29
2014/05/29
2014/05/29
2014/05/29

TABLE VI

ARCV

o

0770
0741
0798
0791
07-87
0763
07°52
07'92
0754
07°33
07:46
0724

ARCL

o

08-86
0990
09-80
0812
10°20
0997
0999
08-10
10°25
10°47
10°31

10°20

DAZ

o

04°40
06-58
0570
o1-81
06-50
06-42
06-60
01-62
0697
0749
07°13
0720

~

00"
00"
00"
00"
00"
00"
00"
00"
00"
00"
00"
00"

291

-0'30

for civil purposes. The criteria involve both naked-eye and aided-eye sightings;
however, they are not applicable on a global scale because our observations
were made at latitudes between 20° N and 29° N.
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